ABSTRACT. It is known that graded cyclic modules over S = K [x, y] have the Weak Lefschetz Property (WLP). This is not true for non-cyclic modules over S. The purpose of this note is to study which conditions on S-modules ensure the WLP. We give an algorithm to test the WLP for graded modules with fixed Hilbert function. In particular, we prove that indecomposable graded modules over S with the Hilbert function (h 0 , h 1 ) have the WLP.
INTRODUCTION
Let S be the standard graded polynomial ring over a field K of characteristic zero. Let M be a standard graded module over S. The module M is said to have the Weak Lefschetz Property (WLP for short) if there exists a linear form ℓ ∈ S 1 , called Lefschetz element, such that for each degree i, the multiplication map ×ℓ : M i → M i+1 has maximal rank, i.e., the map is either injective or surjective.
The Weak Lefschetz Property has been studied extensively for especially the relation to the Hilbert function (see, e.g., [2] , [4] , and [6] for more details). Up to now, most of the known results about the WLP concern standard graded Artinian K-algebra over S. It is not known much about the WLP for standard graded modules over S, so the case of low dimension is still interesting.
In this paper, we study the WLP for standard graded modules over the standard graded polynomial ring S = K [x, y] , where K is an infinite field. We are interested in conditions ensuring the WLP for a graded module over S. It is known that cyclic S-modules have the WLP and this is not true for non-cyclic S-modules, as we see in the following example: In Section 2 we study the WLP of graded modules in the case the Hilbert functions are nonzero only in two consecutive degrees. We present conditions of concrete matrices to ensure the WLP. Moreover, we give an algorithm in Section 3 to test the WLP for fixed graded modules. As an application, we prove in Section 4 that indecomposable graded modules over S with Hilbert function (h 0 , h 1 ) have the WLP. We also find out an equivalent condition to ensure the WLP for indecomposable graded modules in the general situation and construct an example in which an indecomposable graded module with a non-decreasing Hilbert function does not have the WLP.
DETERMINANT CONDITIONS TO ENSURE THE WLP
. Let S = K[x, y] be the standard graded polynomial ring over an infinite field K. Let M be a standard graded module over S. We study in this section the WLP of M in the case the Hilbert function of M is HF M = (h 0 , h 1 ), where 1 ≤ h 0 ≤ h 1 .
Remark 2.1. If the Hilbert function of
, where h 0 = h 1 = n ≥ 1 and M has a minimal generator of degree 1 then M does not have the WLP. In fact, the vector space generated by ℓM 0 , where ℓ is a general linear form, has dimension strictly less than n. Therefore, the multiplication map by a general linear form can not be injective or surjective.
As noted above, we only need to study the case where M is minimally generated by elements of degree 0. Lemma 2.2. Let M be a finitely generated standard graded module with a minimal system of generators e 1 , . . . , e n of degree 0 and the Hilbert function HF M = (h 0 , h 1 ), where n = h 0 ≤ h 1 . If M has the WLP then there exists a linearly independent set in M 1 of the form {z 1 e 1 , . . . , z n e n }, where z i ∈ {x, y} for 1 ≤ i ≤ n.
Proof. Since M has the WLP and h 0 ≤ h 1 , the multiplication map by a Lefschetz element is injective. This is also true for every submodule of M. We prove the statement by induction on n.
For the case n = 1, since M has the WLP, one of xe 1 and ye 1 must be non-zero and the statement holds obviously.
Assume that the statement holds for n = 1, . . ., k. We turn to prove that it is true for the case n = k + 1. Observe that N = (e 1 , . . . , e k ) is a submodule of M and HF N = (k, k ′ ). Since M has the WLP, N has the WLP and k ≤ k ′ . By the induction hypothesis, we can choose a linearly independent set of the form A = {z 1 e 1 , . . ., z k e k } in N 1 with z i ∈ {x, y} for 1
we denote the set Supp(v) = { j : β j = 0}. We aim to show how to build a linearly independent set of n = k + 1 elements.
Case 1. If one of elements xe k+1 and ye k+1 is not in V , we add that element to A and we get a linearly independent set satisfying the conditions of the statement.
Case 2. Assume that both xe k+1 , ye k+1 are in V . Then one of them must be non-zero, otherwise we get S 1 e k+1 = 0 and then all multiplication maps by linear forms can not be injective. Therefore, Supp(xe k+1 ) ∪ Supp(ye k+1 ) = / 0. Assume that every set of the form {z
is linearly dependent, where t i ∈ {x, y} \ {z i }, z k+1 = x if i ∈ Supp(xe k+1 ) and z k+1 = y else. Moreover, the set B ′ = (A \ {z i e i }) ∪ {z k+1 e k+1 } is still linearly independent because |B ′ | = k and Span K B ′ = V . Therefore, t i e i ∈ V for all i = 1, . . . , k. This implies that
If Supp(xe k+1 ) ∪Supp(ye k+1 ) = {1, . . ., k}, without loss of generality, we can assume that Supp(xe k+1 ) ∪ Supp(ye k+1 ) = {1, . . ., s} where s < k. We aim to prove t i e i ∈ V for all i = 1, . . . , k. By the same proof as above, we get
is linearly dependent and the set
t j e j ∈ V . We repeat the above process for the set C ′ = C ∪ j∈C Supp(t j e j ).
Note that for p ∈ C ′ \C, say p ∈ Supp(t j e j ) where j > s and j ∈ Supp(t 1 e 1 ), then the set 
This process will stop after a finite number of steps. Let C 0 be the final union set of indices. Then C 0 = {1, . . ., k}. Otherwise, we get
and the submodule N = ∑ i∈C 0 Se i + Se k+1 has dimension
Therefore, N does not have the WLP, so does M. Hence we have
Hence M does not have the WLP, a contradiction. This concludes the proof.
In the following, we aim to give a procedure to verify if M has the WLP. By Lemma 2.2, we can assume that {xe 1 , . . . , xe r , ye r+1 , . . . , ye n } is a basis of M 1 . The multiplication maps by the variables:
are morphisms between vector spaces of the same dimension. Let A, B be their matrices, respectively. Then we have
where I r and I n−r are the identity matrices of the sizes r and n − r, respectively, and 0 is the null matrix having the appropriate size.
It is clear that M has the WLP if and only if there exist α, β ∈ K such that
Note that if |A| = 0 we can choose α = 1, β = 0, similarly if |B| = 0, in these cases M has the WLP. Thereafter we can assume |A| = |B| = 0, so we only need to check the existence of α = 0 and β = 0 such that |αA + β B| = 0. We have:
Let γ = α β , the determinant |αA + β B| is a polynomial of the form Observe that xm 1 and ym 1 are linearly independent and not in the space
By changing the basis of M, we have
Set e 1 = x 6 + I, e 2 = x 2 y 4 + I, e 3 = x 3 y 3 + I. We get that {xe 1 , ye 2 , ye 3 } is a basis of M 1 which is of the form as in Lemma 2.2 and ye 1 = xe 2 , xe 2 = xe 1 − 2ye 3 and xe 3 = 0. The matrices given by the maps ×x and ×y are:
By computing αA + β B, and setting τ = From the above note, we can construct a procedure to ensure the WLP of a given graded module M with the Hilbert function (n, n) over K [x, y] as in the following:
Step 1: Take an arbitrary minimal system of generators e 1 , . . . , e m of M in degree 0. By Lemma 2.2, we check the linearly independent property of all sets of the form {z 1 e 1 , . . . , z n e m }, where z i ∈ {x, y} for 1 ≤ i ≤ m. If all sets are linearly dependent, then we conclude that M does not have the WLP. Else, we turn to Step 2
Step 2: After changing the indices, we can choose a basis of M 1 of the form xe 1 , . . . , xe r , ye r+1 , . . ., ye m .
Compute the matrices A, B of the multiplications by x, y.
Step 3: Construct a matrix C from A and B by taking the columns 1 st , . . ., r th of B to be the r first columns of C and taking the columns (r + 1) th , . . At first, we consider the multiplication by x and y:
Step 1. If Ker(×x) = (0), then it is clear that M has the WLP and x is a Lefschetz element.
Step 2. Similarly, we consider ×y and if Ker(×y) = (0) then M has the WLP.
So, we can assume that dim K Ker(×x) = r > 0 and dim K Ker(×y) = s > 0.
Step 3. If Ker(×x) ∩ Ker(×y) = (0) then M does not have the WLP.
Proof. In fact, if m ∈ Ker(×x) ∩ Ker(×y) we have ℓm = 0 for all ℓ ∈ S 1 . Then the multiplication by any linear form ℓ ∈ S 1 can not be injective Now we can assume that Ker(×x) ∩ Ker(×y) = (0). By considering the subspace y Ker(×x) + x Ker(×y) ⊆ M 1 , we continue with the following steps.
Step 4. If y Ker(×x) ∩ x Ker(×y) = (0), then dim K (y Ker(×x) + x Ker(×y)) < r + s.
In particular, M does not have the WLP .
Proof. It is clear that the dimension of image of a vector space is always less than the dimension of the vector space, so we have
Now since y Ker(×x) ∩ x Ker(×y) = (0), we get dim K (y Ker(×x)+x Ker(×y)) < dim K (y Ker(×x))+dim K (x Ker(×y)) ≤ r +s.
Next let N = Ker(×x) + Ker(×y) ⊂ M 0 . For a linear form ℓ ∈ S 1 , we have ℓN ⊆ y Ker(×x) + x Ker(×y). Moreover, dim K N = r + s and dim K (y Ker(×x) + x Ker(×y)) < r + s.
Hence the multiplication map by ℓ is not injective. This concludes the proof.
Next we claim that we only need to consider a Lefschetz element of the form αx + β y with α and β are different from zero. The existence of such Lefschetz element can be seen simply by the following: Proof. Suppose by the contrary that for every α, β = 0 the multiplication by αx + β y is not injective. Without loss of generality, we assume that ℓ = y is a Lefschetz element. Let L r = x + ry, r ∈ N ⊂ K. For each r ∈ N take 0 = m r ∈ Ker(×L r ) and fix t ∈ N, we aim to prove that {m r } r≤t is an independent set by induction on t.
If t = 2, let λ 1 , λ 2 ∈ K such that λ 1 m 1 + λ 2 m 2 = 0, then we get
Since the multiplication map by y is injective, we have −λ 2 m 2 = λ 1 m 1 = 0 and then λ 2 = λ 1 = 0.
Since the map (×y) is injective, we get ∑ t+1 r=0 λ r (t − r)m r = 0. By the induction hypothesis, we have λ r = 0 for all r = 1, . . .,t and then λ t+1 = 0. This implies that the dimension of M 0 is infinite and so we can conclude the proof. Now we assume that dim K (y Ker(×x) + x Ker(×y)) = r + s and denote M = M/N, where N is the graded submodule generated by Ker(×x) + Ker(×y). Then
and HF M = (h 0 − r − s, h 1 − r − s), which is still not decreasing.
Step 5. M has the WLP if and only if M has the WLP.
Proof. (⇒): Let ℓ = αx + β y, α, β = 0, be a Lefschetz element of M and m ∈ M 0 such that ℓm = 0. There exist m 0 in Ker(×x) and m 1 in Ker(×y) such that
Since the multiplication by ℓ is injective, m = Next by using the algorithm in Section 3, we have the following result:
Theorem 4.2. Let M be an Artinian graded S-module such that every its submodule has a non-decreasing Hilbert function, then M has the WLP.
Proof.
To ensure the WLP of M we must ensure that there is an injective map ×ℓ : By the hypothesis on submodules of M, we get that every submodule of N has a non-decreasing Hilbert function. Hence to check the WLP for N we can use directly the algorithm in Section 3.
Suppose that the first two steps in the algorithm give us negative answers. Then by Step 4 and the fact that every submodule of N has a non-decreasing Hilbert function, we have Ker(×x) ∩ Ker(×y) = (0) and y Ker(×x) ∩ x Ker(×y) = (0).
So by
Step 5 in the algorithm, we aim to prove the WLP for N = N/T where T = Ker(×x) + Ker(×y) is a submodule of N.
Note that by using the algorithm repeatedly, we only need to confirm that every submodule of N has a non-decreasing Hilbert function. Let P be a submodule of N. Then P + T is a submodule of N and it has a non-decreasing Hilbert function, we prove that P also has a non-decreasing Hilbert function. In fact, let Q = P ∩ T , this is a submodule of N, so it has a non-decreasing Hilbert function. The proof follows from:
where r = dim K (Ker(×x) and s = dim K (Ker(×y). Proof. Let N be a submodule of M with HF N = (r, s), we can assume that N has minimal generators only in degree zero. We prove the statement by induction on n − r where n = h 0 .
For the case r = n, the statement holds obviously, because all minimal generators of M are in degree zero, then this implies M = N. Assume that the statement is true for each submodule minimally generated by r > t elements, we claim that it true for the case r = t.
If r > s, by the induction hypothesis the statement is true for the submodule N + e , for each e ∈ M 0 \N 0 . This means that xe and ye are linearly independent and the submodule generated by e does not intersect with N, i.e. e ∩ N = (0). Hence s = r − 1.
Next we claim that M = N ⊕ M 0 \N 0 , which contradicts to the hypothesis on M. In fact, if m ∈ N ∩ M 0 \N 0 , then m ∈ M 1 , so m is not a minimal generator. Since m ∈ N, there is e A ∈ N 0 such that ℓ A e A = m. Similarly, since m ∈ M 0 \N 0 , there is e B ∈ M 0 \N 0 such that ℓ B e B = m, for some ℓ A , ℓ B ∈ S 1 .
By using the same argument for the submodules N + e B , we get a contradiction. This concludes the proof. Now we are able to prove the main result of this section: Proof. If h 0 ≤ h 1 , it is followed from Lemma 4.4 and Theorem 4.2.
For the case h 0 > h 1 , the dual module Hom K (M, K) of M will be an indecomposable module with a non-decreasing Hilbert function, see [3] . Therefore, Hom K (M, K) has the WLP, hence M has WLP. Then M does not have the WLP. In fact, M has a minimal generator of degree 4, so the multiplication map by any linear form from M 3 to M 4 can not be surjective because the minimal generator x 4 + I is not an image of any element in M 3 . Since the Hilbert function HF M (3) = HF M (4) = 2, this multiplication map is not injective. Furthermore, we can prove that M is indecomposable. In fact, suppose that M = N 1 ⊕ N 2 , then the indecomposable submodule generated by y + I must be contained in one of these components, say y ⊆ N 1 .
It is clear that x 4 + I is not in N 1 , but neither in N 2 , otherwise x 4 y + I ∈ N 1 ∩ N 2 . Therefore, x 4 + I = (n 1 + I) + (n 2 + I) ∈ N 1 ⊕ N 2 .
Since HF N 1 (3) = 1, we get that n 1 + I = αx 3 y + I, α ∈ k, then n 2 + I = x 4 − αx 3 y + I. This contradicts to the fact that yn 2 + I = x 4 y + I ∈ N 1 .
